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Abstract
A large population of voters with single-peaked preferences are partitioned into disjoint constituencies. Collective decisions are taken by their representatives, one from
each constituency, according to a weighted voting rule. It is assumed that each representative’s ideal point perfectly matches that of the respective constituency median
and that top-tier decisions are in the voting game’s core. The resulting representativedemocratic voting outcomes generally differ from those of a direct-democratic, singletier system. The expected discrepancy varies with the voting weight allocation. It is
minimized by weights proportional to constituency population sizes only if citizens
differ sufficiently more between than within constituencies. Weights proportional to
the square root of population sizes perform better if all citizens have independent and
identically distributed ideal points.

Keywords: weighted voting, two-tier voting systems, square root rules, representative
democracy, majoritarianism
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Introduction

Democratic government of large political units such as modern nation states and supranational entities involves the use of political representatives who make decisions on behalf of
the citizens. As democratic principles are being extended from city states to nation states
and ever larger units – dubbed the “second democratic transformation” by Dahl (1994) –
the question of whether representatives take the right decisions from the point of view of
their citizens has been gaining importance.
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Discrepancies between the legislative outcome of a representative system and the policy
preferences of citizens can be accounted for from at least two different perspectives: First,
various frictions in political markets may leave citizens unable to effectively constrain the
behavior of elected politicians. Potentially, these agency problems can be alleviated by
more direct participation of citizens in the legislation process. Popular referenda and other
direct-democratic institutions are increasingly recommended as a complement or corrective
to existing representative systems (see, e.g., Frey and Stutzer 2006 or Kirchgässner and
Feld 2004).
Second, representatives are in many democracies elected in disjoint constituencies, and
then participate in a governing body, council, or top-tier assembly where each member
casts a block vote for his or her entire constituency. We refer to such an arrangement as
a two-tier voting system. In this case, the agreed policy will often deviate from citizen
preferences even if no political market imperfections exist. In a frictionless median voter
world, each representative will fully comply with the preferences of his district’s citizens
in the sense that he will adopt the policy position preferred by the constituency’s median
voter when acting in the top-tier assembly. However, the compromise reached by these ideal
representatives need not coincide with the outcome preferred by the overall population’s
median voter. If a weighted voting rule is used in the assembly, it singles out an issuespecific pivotal representative, whose most-preferred policy (i.e., ideally that of his district’s
median voter) is implemented. This is generically distinct from the population median
unless ideal points are highly clustered.
In principle, if the goal is to implement the preferences of the population median, then
one could simply have an assembly of all citizens take the relevant policy decisions.1 Yet,
at least at larger scales, representative democracy offers significant advantages. It relieves
citizens from the burden of acquiring information on every issue and avoids potentially
high other costs of involving the full population. Another advantage are better negotiation
possibilities in small bodies of representatives: political bargaining may bring about Paretosuperior solutions which, due to transaction costs, could most probably not be reached
when decisions are taken at the level of a large-scale citizenry (see Baurmann and Kliemt
1993).2
The aim of this paper is to study the links between the allocation of block voting rights,
i.e., the voting weights of constituency representatives, when top-tier decisions are taken
according to simple majority rule by one representative each from every constituency,
and the congruence of the outcomes produced by this two-tier decision process and by
direct democracy. We study the case in which all policy alternatives are elements of
a one-dimensional policy space and individual voter preferences are single-peaked. The
expected distance between the legislative outcomes of, first, indirect two-tier decisionmaking and, second, an ideal direct democracy provides a measure of the direct democracy
1

In fact, decision-making by an assembly of all citizens still persists in two Swiss cantons and a number
of Swiss and US municipalities.
2
While trade between representatives reduces the transaction costs of political decisions, it also facilitates the exchange of votes via log-rolling arrangements that result in pork-barrel politics (see Weingast,
Shepsle, and Johnsen 1981).

2

deficit which is implied by a particular allocation of voting weights. We seek to find the
deficit-minimizing weight allocation rule when constituencies are – e.g., for geographical,
ethnic, or historical reasons – of different sizes.
In this setting, with single-peaked preferences over a one-dimensional policy space,
the direct-democratic outcome can easily be identified with the ideal point of the median
individual. Finding the outcome of decision-making in the two-tier system is slightly more
involved: first, the policy advocated by the representative of any given constituency is
supposed to coincide with the ideal point of the respective constituency’s median voter
(also the unique element of the constituency’s core). Second, the decision which is taken
at the top tier is identified with the position of the pivotal representative (corresponding
to the assembly’s core), where pivotality is determined by the vector of voting weights
and a 50% decision quota. Consideration of the respective core is meant to capture the
result of possible strategic interaction.3 As long as this is a reasonable approximation, the
actual systems determining collective choices can stay unspecified. They could differ across
constituencies.
Because the population size of a constituency typically affects the distribution of its
median, the location of the top-tier decision in the policy space becomes a rather involved
function of (the order statistics of) differently distributed random variables. A straightforward analytical investigation of the model is therefore possible only for degenerate cases.
For this reason, we resort to Monte-Carlo approximations of the expected distance between the outcomes of representative and direct-democratic decision making, considering
randomly generated, artificial population configurations as well as recent EU population
data.
The main finding of our analysis is that the direct democracy deficit is minimized
(in the class of simple power laws) by the use of a square root rule, i.e., top-tier weights
proportional to the square root of a constituency’s population size, if the ideal points of all
citizens are independent and identically distributed (i.i.d.). If, in contrast, preferences are
dependent and have high positive correlation within constituencies, then weights should
be proportional to population sizes.
The design of weighted voting rules has already received considerable attention in the
literature on indirect or representative democracy. Several – potentially conflicting – normative criteria have been applied to the problem of defining the weights of representatives
from differently sized constituencies. For instance, the design of voting rules which minimizes the deviation of two-tier decision-making from direct democracy under simple majority rule and votes on binary alternatives has been studied by Felsenthal and Machover
(1999). Their objective has been minimization of the so-called “mean majority deficit”.4
The latter arises whenever the alternative chosen by the body of representatives is supported only by a minority of all citizens, and can be measured as the difference between
the size of the popular majority camp and the number of citizens in favor of the assembly’s
3

See, e.g., Cho and Duggan (2009).
As demonstrated by Felsenthal and Machover (1999), this is equivalent to maximizing the sum of
citizens’ indirect voting power measured by the Penrose-Banzhaf measure.
4
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decision. Felsenthal and Machover have shown that the mean majority deficit is minimal
under a square root allocation of weights.5 Results on a related notion of majoritarian
deficit have been obtained by Kirsch (2007). Feix et al. (2008) also consider majority
votes on two alternatives, and seek to minimize the probability of situations where the
decision taken by the representatives is at odds with the decision that citizens would have
adopted in a referendum.6
This paper investigates the difference between direct and representative democratic
outcomes for non-binary choices from a one-dimensional convex policy space. Our model
and findings can broadly be viewed as a generalization of the mentioned literature to the
context of many finely graded policy alternatives and with strategic interaction captured
by the median voter theorem. As in the case of binary alternatives, the degrees of similarity
within and across constituencies are critical for whether a linear or a square root weight
allocation rule performs better.
While we mainly emphasize the gap between direct vs. representative democracy, our
work also makes a contribution to the optimal design of voting rules from a welfare perspective. In the spatial voting model which we consider, minimization of the direct democracy deficit is equivalent to maximization of expected total utility of the citizens provided
that their preferences over policy outcomes (i) all have the same intensity, and (ii) are
representable by a cardinal utility function that decreases linearly in the distance to the
respective ideal policy.7 A utilitarian ideal of maximizing welfare in two-tier voting systems
has been studied for binary decision making, e.g., by Barberà and Jackson (2006), Beisbart
and Bovens (2007), and Koriyama and Laslier (2011).
Note that an important alternative approach to assessing voting rules from a normative
constitutional perspective concerns the indirect influence or power of citizens. Analytical
investigations of the objective to implement the “one person, one vote” principle in two-tier
voting systems with a focus on influence date back to the seminal work of Penrose (1946).
He identified a square root rule (see fn. 5) as the solution to the problem in binary settings
(see Felsenthal and Machover 1998, Sect. 3.4, and also Kaniovski 2008). Maaser and Napel
(2007) and Kurz et al. (2011) have extended the analysis to unidimensional spatial voting.

2

Model

Consider the partition C = {C1 , . . . , Cr } ofP
a large voter population into r constituencies
with nj = |Cj | > 0 members each. Let n ≡ j S
nj and all nj be odd numbers for simplicity.
The preferences of any voter i ∈ {1, . . . , n} = j Cj are assumed to be single-peaked with
5
They refer to this allocation rule as the second square root rule in order to distinguish it from Penrose’s
(1946) (first) square root rule, which requires representatives’ voting power – rather than their weight –
to be proportional to the square roots of their constituencies’ population sizes.
6
The situation is known in the social choice literature as an instance of the referendum paradox (see,
e.g., Nurmi 1998 and Lepelley et al. 2011).
7
The policy corresponding to the median citizen’s ideal point maximizes overall welfare under these
assumptions (see, e.g., Schwertman et al. 1990). If utility decreases quadratically in distance, the ideal
point of the mean voter maximizes overall welfare.
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ideal point ν i in a convex one-dimensional policy space X ⊂ R. These ideal points are
conceived of as realizations of random variables with a known a priori distribution; any
given profile (ν 1 , . . . , ν n ) of ideal points is interpreted as reflecting voter preferences on a
specific one-dimensional policy issue (a tax level, an emission standard, expenditure on a
public good, etc.).
For any realization of voter preferences, let
ν ∗ = median{ν 1 , . . . , ν n }
denote the median ideal point in the population. Under frictionless simple majority voting,
the collective decision taken by a full assembly which comprises all voters 1, . . . , n would
coincide with the median voter’s ideal point. It beats every alternative policy in a pairwise
vote and hence is the unique element of the corresponding spatial voting game’s core.
We will refer to ν ∗ as the direct democracy benchmark for the following representativedemocratic, two-tier voting process.
Namely, a collective decision x ∈ X on the issue at hand is actually taken by an
assembly or council of representatives R which consists of one representative from each
constituency. Without going into details, we assume that the preferences of Cj ’s representative are congruent with its median voter, i.e., representative j has ideal point
λj = median{ν i : i ∈ Cj }.
In theory, elected representatives are fully responsive to their constituency’s voters, and
in particular the median voter. In practice, of course, representatives tend to develop
preferences (e.g., concerning their privileges) that differ from those of regular citizens.8
In the top-tier assembly R, each constituency Cj has voting weight P
wj ≥ 0. Any subset
S ⊆P{1, . . . , r} of representatives which achieves a combined weight j∈S wj above q ≡
0.5 rj=1 wj , i.e., comprises a simple majority of total weight, can implement a policy x ∈
X. So collective decisions are taken according to the weighted voting rule [q; w1 , . . . , wr ].
Let λk:r denote the k-th leftmost ideal point amongst the representatives (i. e., the k-th
order statistic of λ1 , . . . , λr ) and consider the random variable P defined by
n

P = min l ∈ {1, . . . , r} :

l
X

o
wk:r > q .

k=1

Representative P : r’s ideal point, λP :r , is the unique policy that beats any alternative
x ∈ X in a pairwise majority vote, i. e., it constitutes the core of the voting game in R
with weights w1 , . . . , wr and quota q. Without any formal analysis of decision procedures
that might be applied in R (see Banks and Duggan 2000, or Cho and Duggan 2009),
we assume that the policy agreed in the council coincides with the ideal point of pivotal
8

See Gerber and Lewis (2004) for empirical evidence. Another problem arises when systematic abstention of certain social groups drives a wedge between the median voter’s and the median citizen’s
preferences.
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representative P : r. In summary, the policy outcome produced by the two-tiered voting
system is
xR = λP :r .
Usually, some incongruence between the collective decision xR taken by the representatives and the direct democracy benchmark ν ∗ is unavoidable. It can be viewed as a price
that needs to be paid for the several advantages of representative democracy. Still, large
differences
∆ = |ν ∗ − xR |
between the two-tier outcome and the direct democracy benchmark may be regarded as
undesirable. Democracies create representative systems primarily for efficiency reasons –
not in order to purposely implement policies that the popular majority would prefer to be
replaced.
A system which produces small average gaps between ν ∗ and xR approximates direct
democracy better than one which yields big gaps. This raises the question: Which voting
weight allocation rule minimizes the expected difference between the policy outcomes of an
indirect, two-tier voting system and a direct-democratic system? We will call ∆’s expected
value, E [∆], the direct democracy deficit of the weighted voting rule [q; w1 , . . . , wr ] employed in R (taking partition C as given).9 By an “allocation rule” we mean a simple
mapping W which assigns weights (w1 , . . . , wr ) = W (C1 , . . . , Cr ) to any given partition of a
large population. The rule shall single out weights w1 , . . . , wr which approximate a solution
to the problem
min
E [∆] ,
(1)
′
′
w1 ,...,wr

and our criterion for acceptably “simple” mappings W : C 7→ (w1 , . . . , wr ) will be that they
are power laws, i.e., wj = nαj for some constant α ∈ [0, 1]. This class of mappings nests the
square root and linear rules which have played prominent roles in the previous literature.

3

Analysis

The population size of a constituency generally affects the distribution of its median.
Specifically, if the ideal points of voters i ∈ Cj are pairwise independent and come from an
arbitrary identical distribution F with positive density f on X, then its median position λj
asymptotically has a normal distribution with mean µ = F −1 (0.5) and standard deviation
σj =

1
√
2 f (µ) nj

(2)

(see, e.g., Arnold et al. 1992, p. 223). The variance of the position of Cj ’s representative
is the smaller, the greater the population size nj .
P
Recall that q = 0.5 j wj . We conjecture that, in general, a greater direct democracy deficit is
implied by supermajority requirements than by simple majority, but leave a detailed investigation for
future research.
9
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Even in the trivial case of w1 = . . . = wr , the top-tier decision xR ∈ X has a rather
non-trivial distribution when constituency sizes differ because it is an order statistic of differently distributed random variables. For non-identical weights w1 , . . . , wr , it is a combinatorial function of such order statistics. The analytical options to finding or approximating
a solution to (1) are, therefore, extremely limited. We will consider only two somewhat
degenerate but instructive special cases in order to develop some intuition, comment on
the optimal statistical aggregation of λ1 , . . . , λr , and then turn to simulations in Section 4.
The first trivial case is to only have constituencies with equal population sizes. The
optimal constant α is then undetermined. Problem (1) is indeed solved by any w1′ = . . . =
wr′ > 0 if constituencies are perfectly symmetric. However, even n1 = . . . = nr = n/r
and i.i.d. ideal points in general do not allow for E[∆] = 0. Under optimal, i.e., identical
weights, the pivotal representative’s ideal point is the (unweighted) median of λ1 , . . . , λr .
So (r + 1)/2 constituency median positions are located weakly to the left (right) of xR ,
which guarantees that at least (r + 1)/2 · (n/r + 1)/2 voter ideal points are located weakly
to xR ’s left and right, respectively. This allows for realizations of ν 1 , . . . , ν n where the
population median ν ∗ is located up to
(r + 1)(n + r) n + 1
(n − r)(r − 1)
n r−1
−
=
< ·
4r
2
4r
r
4
ideal points away from xR .
We have so far left unspecified how voter ideal points are jointly distributed. For the
kind of constitutional design problem that we are dealing with, it is a common assumption
that all citizens should be considered identical a priori, i.e., every ideal point ν i is drawn
from the same marginal probability distribution F . This moves the analysis behind a
constitutional “veil of ignorance”, which ignores knowledge about specific preferences for
normative reasons. Such a constitutional a priori perspective does not necessarily entail
that preferences of citizens must also be considered
S as independent of each other. An
i
i.i.d. assumption for all ideal points ν with i ∈ j Cj , i.e., the product distribution F n ,
is a particularly compelling benchmark. However, the partition C may have reasons that
need to be acknowledged behind the “veil of ignorance” (e.g., geographic barriers, ethnics,
language, religion). These reasons are likely to involve or give rise to closer political
connections between voters within constituencies than across them.10
An extreme instance of “close connections” within constituencies is the one in which
i
ν = ν h whenever i, h ∈ Cj . This takes the idea that citizens are on average more similar to
each other within constituencies than across constituencies to its limit. In this degenerate
situation, the direct democracy deficit is minimized by using the linear rule wj = nj for
j = 1, . . . , r, i.e., by α∗ = 1. In particular, the directly proportional weight allocation
implies E[∆] = 0 in this case. This follows from noting that the ordered ideal points of all
citizens i = 1, . . . , n,
ν 1:n ≤ ν 2:n ≤ ν 3:n ≤ . . . ≤ ν n−1:n ≤ ν n:n ,
10

If there were no special connection between the respective citizens within differently sized constituencies
Cj and Ck , then the obvious solution, even behind a veil of ignorance, would be to redistrict partition C to
a partition C′ such that n′j = n′k for any j, k ∈ {1, . . . , r}.
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can be written as
λ = . . . = λ1:r ≤ λ2:r = . . . = λ2:r ≤ . . . ≤ λr:r = . . . = λr:r
| 1:r
{z
} |
{z
}
|
{z
}
n1:r times

n2:r times

nr:r times

under perfect correlation within constituencies. So representative j is pivotal in R iff
its policy position (and thus that of all Cj -citizens) is also the population median. This
optimality of weights proportional to population sizes should be expected to apply approximately when voter ideal points are not perfectly, but highly correlated within constituencies
(and independent across). The simulations reported in Section 4 indeed confirm this intuition: the direct democracy deficit is minimized by an essentially linearly proportional
rule provided that the ideal points of the citizens vary noticeably more across than within
constituencies.
An intuition for the case in which all individual ideal points are i.i.d. is much harder
to come by. As already mentioned, λj has an asymptotically normal distribution with the
common mean µ = F −1 (0.5) and a standard deviation σj which is inversely proportional
to the square root of nj . The optimal voting weights somehow have to strike a balance
between accounting for a large constituency median’s on average greater centrality and
informational value (suggesting high α is good), and guarding against the possibility that
a large constituency’s representative can implement its preferred policy even if that constituency happens to be an outlier (warning against high α). Which α strikes the right
balance is unclear at the outset.
An admittedly crude intuitive argument in favor of α = 0.5 is as follows: if all voter
ideal points ν i are i.i.d. then each individual i = 1, . . . , n a priori has probability 1/n to
be the population median; hence the population median is found in constituency Cj with
probability nj /n. Weights which give all constituencies a top-tier pivot probability proportional to their population size, therefore, are a reasonable starting point. Proportionality
between the probability πj for event {j = P : r} and nj is achieved in the i.i.d. case by
selecting weights wj that are proportional to the square root of nj (under some regularity
assumptions – see Kurz et al. 2011).11 Of course, even if the events {j = P : r} and
{some i ∈ Cj is the population median} coincide (they need not), the implemented policy
will be λj rather than ideal point ν i of the overall median voter i who happens to belong to
Cj . The “internal representation error” |ν i −λj | tends to be greater for small constituencies
because λj ’s distribution is less concentrated around the theoretical median. However, if
one consequently tried to overweight large constituencies Cj , i.e., to give them a probability
πj > nj /n, in order to avoid large internal errors, this risks coming at the price of creating
additional “external representation error”, i.e., smaller probability for {j = P : r} and
{some i ∈ Cj is the population median} to coincide. This suggests that the square root
starting point may not be much improved upon.
It is worthwhile to note that if we gave up the assumption that the pivotal representative
in R exploits the ability to make a proposal that beats every other one and if, instead, we
11

Greater centrality of medians from large constituencies gives them a higher baseline probability for
being pivotal under simple majority rule. This advantage is proportional to nj0.5 , and it is sufficient to
combine it with wj = n0.5
in order to obtain the desired proportionality of πj and nj .
j
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assumed that the representatives
compromise” which amounts to
P w always seek a “weighted
P
their average position λ̄ = j wΣj · λj with wΣ = j wj , then α = 1 would be optimal.
In particular, under the assumption that ν 1 , . . . , ν n are i.i.d. random variables with a
distribution F that has median m = F −1 (0.5) and a positive density f in a neighborhood
of m, the sample median ν ∗ of a specific realization ν 1 , . . . , ν n satisfies (see Rieder 1994,
p. 21, Corollary 1.5.4)
n
1 
1X
∗
ν =m+
ψ(νi ) + oF n √
(3)
n i=1
n
with the so-called influence curve
ψ(νi ) =

sign(νi − m)
2f (m)

and where oF n (·) is the stochastic Landau symbol.12 This means that one can conceive of
sample median ν ∗ as approximately the result of starting at F ’s theoretical median m and
1
then, for i ranging from 1 to n, doing equidistant jumps of 2f (m)
to either the right or the
i
i
left depending on whether ν > m or ν < m (staying put in the zero-probability event
ν i = m). Analogously, we have
1 X
1 
λj = m +
ψ(νi ) + oF n √
(4)
nj i∈C
nj
j

for every j = 1, . . . , r. Equations (3)–(4) then imply that
λ̄ =

j

r

n

1 XX
1X
· λj ≈ m +
ψ(νi ) ≈ ν ∗
ψ(νi ) = m +
n
n j=1 i∈C
n i=1

X nj

j

with a random error term that vanishes as n → ∞. So computing their nj -weighted mean
would actually be the correct statistical way of aggregating the representative ideal points
(i.e., constituency medians). Unfortunately, this does not answer the question of which
value of α yields the smallest democracy deficit when the outcome of strategic interaction
and voting amongst the representatives is indeed the position of R’s pivotal member, i.e.,
their nαj -weighted median.13

4

Simulations

Since we are unable to obtain any useful analytical approximation of E[∆] as a function of
α, we turn to the Monte-Carlo approach. It exploits that – by the law of large numbers –

Namely, oF n √1n / √1n in F n -probability converges to 0 as n → ∞.
13
In our simulations, the direct democracy deficit for the best nα
j -weighted median of the constituency
medians is between one and two orders of magnitude greater than for their nj -weighted mean. This
suggests that letting a bureaucrat average the (λ1 , . . . , λr )-information might be preferable to having
political bargaining. But note that a weighted mean rule creates incentives for strategic misrepresentation
of λj . A weighted median rule avoids this.
12
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the empirical average of s independent realizations of ∆ = |ν ∗ − xR | converges to E[∆] as
s → ∞.
In order to obtain a realization of ∆ for the case of i.i.d. voter ideal points, we draw
n (pseudo-)random numbers from a given distribution F .14 First, the resulting list v =
(ν 1 , . . . , ν n ) is sorted in order to obtain a realization of median ν ∗ . Second, the original list v
is sorted within consecutive blocks of size n1 , n2 , . . . , nr in order to obtain the corresponding
realizations of the constituency medians λ1 , λ2 , . . . , λr . We then infer the weighted median
of these, using weights wj = nαj for values of α which range from 0 to 1 in steps of 0.02, and
thus obtain xR for each value of α. The resulting gaps between population median and
pivotal representative are recorded, and the procedure is repeated for one million iterations.
Finally, we determine the value of α which produced the smallest average gap.15
This level of α is determined for a sizeable number of distinct population configurations
(different numbers r of constituencies and population sizes n1 , . . . , nr of these constituencies) in order to be able to draw sufficiently robust conclusions. Most of the considered
population configurations are artificial: they are obtained by first fixing r and then selecting
sizes n1 , . . . , nr by drawing random numbers from a specified distribution – U(103 , 3 · 103),
for instance, presupposes that each constituency size between 1,000 and 3,000 voters is
equally likely.
For each “type” of population configuration (e.g., r = 15 and U(103 , 3 · 103 )) five independent realizations of n1 , . . . , nr have been investigated. So Table 1 reports the respective
“optimal” value α∗ for altogether 90 different configurations. The 95%-confidence interval
around the empirical mean of ∆ is typically too wide to rule out that one of the 2k neighboring values α∗ ± 0.02k produces a smaller direct democracy deficit. However, this only
involves 1 ≤ k ≤ 3 and, in particular, differences are significant when sufficiently distinct
values like α = 0.5 and α = 1 are compared. The obtained estimates of E[∆] are in almost
all cases strictly decreasing functions of α on [0, α∗) and strictly increasing on (α, 1]. This
and the overwhelming number of instances where α∗ = 0.5 – regardless of the number r of
constituencies and irrespective of whether population sizes are drawn from uniform, truncated normal, or (most realistically for population sizes) Pareto distributions – provides
robust evidence that a square root allocation rule is optimal in case of i.i.d. ideal points
(in the class of power laws).16
14

Since the considered number of voters in each constituency Cj is large (nj ≫ 50), the respective
population and constituency medians will approximately have normal distributions irrespective of the
specific F which one considers. For the sake of completeness, let it still be mentioned that individual ideal
points were drawn from a standard uniform distribution U(0, 1) in our simulations. The MATLAB source
code is available upon e-mail request.
15
It is a tempting simulation “short-cut” to directly draw realizations of λ1 , λ2 , . . . , λr from N(0, σj2 )
with variances σj2 = (4 f (µ)2 nj )−1 , respectively, and to consider a realization from N(0, σ 2 ) with σ 2 =
(4 f (µ)2 n)−1 as a proxy for ν ∗ . This avoids the storage and time-consuming sorting of (ν 1 , . . . , ν n ), i.e., it
is computationally very efficient. However, it ignores the statistical dependence of ν ∗ and λ1 , λ2 , . . . , λr .
Experimenting with this short-cut, we found that the dependence of ν ∗ and λ1 , λ2 , . . . , λr cannot be ignored
(at least for r ≤ 35).
16
Moreover, the table indicates that the direct democracy deficit tends to decrease in the number r of
constituencies when a fixed a priori distribution for nj is considered. Comparison between the respective
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r

n1 , . . . , nr
U(103 , 3·103 )

15

U(103 , 11·103 )
U(103 , 3·103 )

25

U(103 , 11·103 )
U(103 , 3·103 )

35

U(103 , 11·103 )
N(5·103 , 2·103 )

15

N(104 , 4·103 )
N(5·103 , 2·103 )

25

N(104 , 4·103 )
N(5·103 , 2·103 )

35

N(104 , 4·103 )
P(1.0, 103 )

15

P(1.5, 103 )
P(1.0, 103 )

25

P(1.5, 103 )
P(1.0, 103 )

35

P(1.5, 103 )

(I)

(II)

(III)

(IV)

(V)

0.50
(1.73·10−3 )
0.50
(1.03·10−3 )
0.52
(1.33·10−3 )
0.52
(7.64·10−4 )
0.50
(1.10·10−3 )
0.50
(6.69·10−4 )

0.50
(1.59·10−3 )
0.50
(1.01·10−3 )
0.50
(1.33·10−3 )
0.50
(8.30·10−4 )
0.50
(1.12·10−3 )
0.50
(6.59·10−4 )

0.48
(1.61·10−3 )
0.48
(1.09·10−3 )
0.50
(1.34·10−3 )
0.50
(7.89·10−4 )
0.52
(1.14·10−3 )
0.50
(6.60·10−4 )

0.48
(1.76·10−3 )
0.50
(1.02·10−3 )
0.50
(1.43·10−3 )
0.50
(7.46·10−4 )
0.52
(1.14·10−3 )
0.50
(6.66·10−4 )

0.50
(1.70·10−3 )
0.50
(1.03·10−3 )
0.50
(1.34·10−3 )
0.48
(7.77·10−4 )
0.48
(1.18·10−3 )
0.50
(6.40·10−4 )

0.50
(1.08·10−3 )
0.52
(7.59·10−4 )
0.50
(8.86·10−4 )
0.52
(5.61·10−4 )
0.50
(6.69·10−4 )
0.50
(5.11·10−4 )

0.52
(1.12·10−3 )
0.48
(7.14·10−4 )
0.50
(8.55·10−4 )
0.50
(6.15·10−4 )
0.50
(7.04·10−4 )
0.50
(4.94·10−4 )

0.50
(1.10·10−3 )
0.50
(7.84·10−4 )
0.50
(8.42·10−4 )
0.50
(5.60·10−4 )
0.50
(7.25·10−4 )
0.52
(4.72·10−4 )

0.50
(1.07·10−3 )
0.52
(8.06·10−4 )
0.50
(8.15·10−4 )
0.50
(5.76·10−4 )
0.50
(7.17·10−4 )
0.50
(5.44·10−4 )

0.50
(1.20·10−3 )
0.50
(7.80·10−4 )
0.52
(8.67·10−4 )
0.50
(5.89·10−4 )
0.48
(7.61·10−4 )
0.50
(5.03·10−4 )

0.50
(1.26·10−3 )
0.50
(8.08·10−4 )
0.50
(1.53·10−6 )
0.54
(9.70·10−4 )
0.50
(8.00·10−4 )
0.50
(4.93·10−4 )

0.50
(3.72·10−4 )
0.50
(3.05·10−4 )
0.50
(8.32·10−7 )
0.54
(7.18·10−4 )
0.50
(4.86·10−4 )
0.50
(3.91·10−4 )

0.50
(1.34·10−3 )
0.52
(2.95·10−4 )
0.50
(1.73·10−6 )
0.52
(1.03·10−3 )
0.50
(7.26·10−4 )
0.50
(3.32·10−4 )

0.50
(1.03·10−3 )
0.50
(6.80·10−4 )
0.50
(1.09·10−6 )
0.52
(8.16·10−4 )
0.50
(8.15·10−4 )
0.50
(3.87·10−4 )

0.50
(8.82·10−4 )
0.50
(1.15·10−3 )
0.50
(1.91·10−6 )
0.52
(1.09·10−3 )
0.50
(5.32·10−4 )
0.50
(3.09·10−4 )

Table 1: Optimal α for i.i.d. voters (with estimated E[∆] in parentheses)
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Figure 1: Estimates of E[∆] with 95%-confidence intervals for EU27 population data
Figure 1 illustrates how E[∆] varies as α ranges from 0.4 to 0.6 in steps of 0.01 for recent
population data of the European Union (EU27).17 Its Council, commonly referred to as
the Council of Ministers, plays a most important rule in legislation of the EU (see, e.g.,
Napel and Widgrén 2006). It is a prominent example of a two-tier voting system because
its members officially represent national governments and, eventually, the citizenries of the
member states.18 The current weighted voting rules for the Council, and also its future
ones as codified in the Treaty of Lisbon, involve supermajority requirements in multiple
dimensions. If we, nevertheless, assume a 50% decision quota as in Figure 1, our estimate
for E[∆] is minimized by α = 0.5 among the considered weight allocation rules. The figure
includes the respective 95%-confidence intervals for E[∆]. While an even greater number
of iterations would tighten these intervals and allow to discriminate between values of α in
the immediate proximity of 0.5, the square root rule already does significantly better than
α ≤ 0.44 or α ≥ 0.57
low-variance and high-variance uniform and normal distribution with fixed r suggests that the deficit and
variance of the population sizes are inversely related.
17
We have used 2010 population data measured in 1,000 individuals for computational reasons. This
corresponds with the “block model” in Barberà and Jackson (2006), which supposes that a constituency
can be subdivided into equally sized “blocks” whose members have perfectly correlated preferences within
blocks, but are independent across blocks.
18
Other “canonical examples” include the US Electoral College and the IMF’s Board of Governors and
Executive Board. To the extent that factions split along national rather than party lines, also the European
Parliament might be regarded as the upper tier of a two-tiered system.
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The robustness of α = 0.5 being optimal for i.i.d. preferences which is indicated by
Table 1 and Figure 1 is, in fact, a bit surprising. In particular, the approximate optimality
of a square root law under the alternative objective of rendering constituencies’ pivot probabilities proportional to their population sizes (in order to equalize each citizen’s chances
to be doubly pivotal), which we have invoked in order to gain some intuition in Section 3, is
much more sensitive to r, the variance σ 2 when nj ∼ N(µ, σ 2), and the skewness parameter
κ when nj ∼ P(κ, θ) (see Maaser and Napel 2007). That, here, our simulation results are
so clear-cut suggests that, despite the problems which we encountered, a straightforward
analytical answer to our question in the i.i.d. case may exist after all.
Concerning cases in which the ideal points of citizens are not independent and identically distributed, we focus on a special type of positive correlation within constituencies. In
particular, we determine individual ideal points ν i by a two-step random experiment: first,
we draw a constituency-specific parameter µj independently for each j = 1, . . . , r from a
distribution G with standard deviation σext . This parameter captures the degree of external heterogeneity between C1 , . . . , Cr for the policy issue at hand. Parameter µj is taken
to reflect the expected ideal point of citizens from Cj . Each citizen i ∈ Cj is then assigned
an individual ideal point ν i from a distribution Fµj which has mean µj and is otherwise
just a shifted version of some distribution F ≡ F0 for each constituency j = 1, . . . , r.19 F ’s
standard deviation σint is a measure of the internal heterogeneity in any constituency. It
reflects opinion differences within any given Cj . So, in summary, our second set of simulations has taken the ideal points of all citizens to be identically distributed, with convolved
a priori distribution G ∗ F , but to exhibit dependencies: citizens in constituency Cj all
experience the same shift µj , which is independent of µk for any k 6= j.
The ratio σext /σint between external and internal heterogeneity provides a measure of
the degree to which citizens are more similar within than between constituencies or, loosely
speaking, the preference dissimilarity of the constituencies. The ratio σext /σint = 0 corresponds to the i.i.d. case. Figure 2 shows how positive external heterogeneity quickly causes
the square root rule (α∗ = 0.5) to stop being the power law which minimizes the direct
democracy deficit. This finding is independent of whether one considers the real-world
EU27 population configuration underlying Figure 1 (full line) or artificial configurations
from Table 1 (dotted and broken lines).20 The optimality of α = 1 as σext /σint → ∞, which
was derived in Section 3 for fixed σext > 0 and σint → 0, extends to relatively low dissimilarity levels in approximation (say, σext /σint ≥ 4). The greater the preference dissimilarity
which shapes the policy ideals of representatives in R, the more we approach a situation
in which a linear voting weight allocation yields a minimal direct democracy deficit.
19

2
Specifically, we draw µj from a uniform distribution U(−a, a) with variance σext
, and then obtain
ν = µj + ε with ε ∼ U(0, 1).
20
We display the column (I) configurations U(103 , 3·103), N(5·103, 2·103), and P(1.0, 103) with r = 15.
i
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Figure 2: Optimal α for EU27 and artificial configurations with increasing dissimilarity

5

Concluding remarks

Obviously, one needs to be cautious in drawing political conclusions from these findings.
Many different criteria play a role when voting weights are assigned to representatives
from differently sized constituencies in an assembly such as the Council of the EU. We
have here investigated only one – the congruence between the assembly’s decision and that
which a direct democracy would have arrived at. And this was done under admittedly
very stylized assumptions. The presumption of one-dimensional issues with single-peaked
preferences and the prominent role given to the (weighted) median in both bottom and
top-tier decision making are the most noteworthy.
Both presumptions are direct generalizations from the world of binary decision making,
which has so far dominated the analysis of two-tier voting systems: assuming that individual voters are either “for” or “against” a proposal implies single-peakedness on {0, 1}. The
majority preference in a constituency is equivalent to its median position for a binary policy space, and taking a weighted majority decision at the top tier is nothing but adopting
its weighted median. Our investigation moves from the dichotomous policy space {0, 1}
to the interval [0, 1], and other finite or infinite one-dimensional intervals of alternatives.
The so-called “second square root rule” of Felsenthal and Machover (1999) is, non-trivially,
found to extend to this richer framework if its underlying i.i.d. assumptions are maintained.
However, as a still growing list of investigations of binary collective decisions21 has high21

See, for instance, Gelman et al. (2002), Barberà and Jackson (2006), Beisbart and Bovens (2007),
Kirsch (2007), Feix et al. (2008), and Kaniovski (2008).
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lighted, independence is indeed a critical assumption. For binary decisions as well as ones
taken in the conventional median voter world22 , and considering a variety of majoritarian,
egalitarian or utilitarian objective functions, the “optimality” of square root rules tends to
break down when voters are acknowledged to be more similar within than between constituencies. Linear voting weight allocations then perform better. This pattern has been
confirmed in the present paper. Whether a square root or a linear rule should be selected
in order to allocate voting weights to the representatives of differently sized constituencies
is not so much a question of whether one thinks utilitarian welfare, the principle of “one
person, one vote”, or majoritarianism in approximation of popular referenda and direct
democracy more important. The results so far suggest that it does neither depend on
whether political decisions are binary on exogenous proposals or the median voter’s position emerges endogenously on the agenda and is then passed. The truly fundamental
question for the selection of voting weights is: how great is the heterogeneity of voter interests across constituencies, such as member states of the European Union, compared to
within constituencies?
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